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Abstract. We study nonequilibrium quantum phase transitions in XY spin 1/2 chain
using the C∗ algebra. We show that the well-known quantum phase transition at
magnetic field h = 1 persists also in the nonequilibrium setting as long as one of the
reservoirs is set to absolute zero temperature. In addition, we find nonequilibrium
phase transitions associated to imaginary part of the correlation matrix for any two
different temperatures of the reservoirs at h = 1 and h = hc ≡ |1 − γ2|, where γ is
the anisotropy and h the magnetic field strength. In particular, two nonequilibrium
quantum phase transitions coexist at h = 1. In addition we also study the quantum
mutual information in all regimes and find a logarithmic correction of the area law in
the nonequilibrium steady state independent of the system parameters. We use these
nonequilibrium phase transitions to test the utility of two models of reduced density
operator, namely Lindblad mesoreservoir and modified Redfield equation. We show
that the nonequilibrium quantum phase transition at h = 1 related to the divergence
of magnetic susceptibility is recovered in the mesoreservoir approach, whereas it is
not recovered using the Redfield master equation formalism. However none of the
reduced density operator approaches could recover all the transitions observed by the
C∗ algebra. We also study thermalization properties of the mesoreservoir approach.
PACS numbers: 03.65.Fd, 05.70.Ln, 64.70.Tg, 68.65.-k, 75.10.Jm
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1. Introduction
Equilibrium phase transitions are determined as non-analyticities of the free energy and
can strictly appear only in the thermodynamic limit [1]. At finite temperatures, phase
transitions are driven by thermal noise and states of systems are minima of the free
energy, namely systems tend to show large entropy for higher temperatures. On the
other hand, quantum phase transitions are driven by quantum fluctuations and appear
at absolute zero temperature [2]. While the entropy contribution to the free energy
in equilibrium systems prohibits the equilibrium phase transition in one-dimensional
systems with short range interactions [3, 4], a nonequilibrium phase transition in one
dimension is possible. Nonequilibrium phase transitions are usually considered as
qualitative changes of the steady state. In classical case nonequilibrium phase transitions
are well studied and appear e.g. in driven diffusive models [5]. The Yang-Lee description
of equilibrium phase transition in terms of zeros of the partition function [1], has been
applied to classical nonequilibrium setting [6].
On the other hand, nonequilibrium quantum phase transitions (NQPT) are much
less known. In that respect some interesting numerical results [7, 8] show a NQPT in
one-dimensional boundary driven nonequilibrium spin systems. Moreover, approaches to
deal with the nonequilibrium quantum systems usually involve different approximations,
and their validity near a NQPT has not been carefully discussed. Thus, it is important to
analyze the differences between several approaches to nonequilibrium quantum systems
in a simple pedagogic model undergoing a NQPT.
Nonequilibrium steady states (NESS) of quantum systems are mainly studied using
two approaches.
• In one approach, we decompose the total, composite system into a finite system and
reservoir parts and derive, by tracing out the latter, an effective master equation for
the density operator of the former, i.e. we obtain an effective master equation for the
reduced density operator of the finite system. It is possible to derive an exact master
equation for the reduced density operator of the system, which however, is usually
as difficult as to solve the original problem. Therefore, various approximation
schemes have been developed to suitably describe different regimes. In the simplest
case, we obtain a Markovian completely-positive master equation, namely the
Lindblad master equation [9, 10], and the NESS is obtained as a projection of
the initial density operator onto the null-space of the generator of the dynamics,
the Liouvillian Lˆ. Markovian master equations have mostly been used in quantum
optics [11], quantum information, and quantum computation as a simple model of
noisy channels. However, recently they have also been applied in condensed matter
context to study high temperature transport properties of simple one-dimensional
systems [12, 13, 14, 15] and to discuss special nonequilibrium states of matter [16].
In this paper, we shall employ two models, which have been developed to study
transport of open quantum systems, namely the modified Redfield master equation
approach [8] and the mesoreservoir approach [17].
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• The other is the C∗ algebra approach, which was first introduced with the purpose
to rigorously formulate equilibrium statistical mechanics [18]. It has been applied to
infinitely extended systems [19]. Starting from Ruelle’s work [20, 21] on scattering-
theoretical characterizations of NESS, the C∗ algebra method has been extensively
developed (see for instance, references of [22]) and applied also in the context of
phase transitions [23, 24]. Contrary to the reduced density operator method, the
C∗ algebra deals with infinite systems which evolve unitarily. It was shown that if
a system is connected to two separated subsystems initially in thermal states, finite
part of the total system approaches to a unique NESS under some mathematical
conditions [20]. In that case the constructed NESS does not depend on the initial
decomposition, i.e. the size of the central (finite) system, and initial density
operator of the central system. Although the C∗ algebra provides mathematically
rigorous results, the applications are quite limited. Accordingly, it is beneficial to
use the C∗ algebra approach to test other approaches for their validity.
In this paper we use the C∗ algebra approach, the Lindblad formalism with
mesoreservoirs, and the modified Redfield master equation to study the XY spin 1/2
chain – a paradigmatic model exhibiting quantum phase transitions (QPT) [25, 26, 27].
The Hamiltonian of the transverse-field XY spin 1/2 chain is
HXY = −
n−1∑
m=1
(
1 + γ
4
σxmσ
x
m+1 +
1− γ
4
σymσ
y
m+1
)
− h
2
n∑
m=1
σzm, (1)
where γ denotes the anisotropy, h denotes the magnetic field, and σx,y,zm are the Pauli spin
operators at m-th site. To begin with, let us summarize phase transitions of the XY spin
1/2 chain discussed previously. At h = 1, there is a second order QPT characterized by
the order parameter 〈σαl σαm〉 (α = x for γ > 0 and α = y for γ < 0), which separates the
ferromagnetic ordered phase (h < 1) and the paramagnetic disordered phase (h > 1).
Equilibrium average of 〈σαm〉 for α = x, y is always zero, and it cannot be used as an
order parameter. Magnetization in the z direction is always finite, but susceptibility is
divergent at absolute zero temperature and h = 1. In addition, at γ = 0 and |h| < 1
there is a quantum phase transition between the ordered phase in the x direction (γ > 0)
and the y direction (γ < 0). In case of the open XY spin 1/2 chain coupled to local
Lindblad reservoirs [7] and Redfield reservoirs [8], indications of a NQPT were reported.
Numerically, it was observed that hc = |1−γ2| is a critical magnetic field which separates
phases showing different scaling of the quantum mutual information (QMI), spectral
gap, and far-from-diagonal spin-spin correlations 〈σzl σzm〉 (|l−m|  1). This transition
was recently described by an information-geometric approach using a fidelity distance
measure [28].
We shall complement the so far obtained phase diagram of the XY chain by using
the C∗ algebra method. We shall focus on the NQPT and reveal new quantum phase
transitions, which do not exist in equilibrium. We shall show the existence of a NQPT
at h = 1 for arbitrary temperatures of reservoirs, which is associated to a discontinuity
of the third derivative of the off-diagonal elements of the correlation matrix. We also
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demonstrate a discontinuity of the first derivative of the correlation matrix elements
at h = hc. In addition, we show that QPT at h = 1 persists in the nonequilibrium
case if temperature of at least one reservoir is set to be zero. A phase diagram showing
equilibrium and nonequilibrium quantum phase transitions of the XY spin 1/2 chain is
presented in figure 1.
We shall compare NQPTs obtained using the C∗ algebra method with those
obtained by simulations of the reduced density operator approaches, namely the
mesoreservoir method [17] and the modified Redfield master equation [8]. We shall
also discuss the thermalization properties of the mesoreservoir approach.
Figure 1. Phase diagram of the equilibrium and nonequilibrium XY spin 1/2 model.
Quantum phase transitions: At γ = 0, |h| < 1 (critical XX) there is a transition
from the ordered phase in the x direction for γ > 0 and the ordered phase in the
y direction for γ < 0. At h = 1 (critical XY) the system has divergent magnetic
susceptibility in the z direction. Nonequilibrium quantum phase transitions : At the
nonequilibrium critical line there is a jump in ∂hIm 〈f†l fm〉. At the critical XY line there
is a jump in ∂3hIm 〈f†l fm〉, and a logarithmic divergence of ∂hRe 〈f†l fm〉 with respect
to |h − 1| and TL,R. At the junction of all three critical lines, (γ, h) = (0, 1), the
discontinuities of ∂h〈f†l fm〉 and ∂3h〈f†l fm〉 disappear and the logarithmic divergence
becomes algebraic (see main text). The gray and the white regions represent the short
range and long range correlation phases obtained by the reduced density operator
approaches, respectively. We remark that independent of model parameters, the C∗
algebra approach gives exponential and power law decay of correlations in equilibrium
and nonequilibrium [29], respectively.
The rest of the paper is structured as follows. In section 2 we apply the C∗
algebra approach and show analytically the four different nonequilibrium quantum phase
transitions of the XY model. In section 3 we discuss the master equation approaches.
First, in subsection 3.1, we present the results of the Lindblad mesoreservoir approach
and discuss its equilibrium and nonequilibrium properties. Second, in subsection 3.2,
we study the modified Redfield model. We discuss the results and conclude in section
4.
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2. NQPT in the XY spin 1/2 model: the C∗ algebra approach
In this section we study the NQPTs of the XY spin 1/2 chain using the results of the
C∗ algebra approach. We shall show the coexistence of two NQPTs at h = 1 and γ 6= 0
(the critical XY line) and a NQPT at the critical magnetic field h = hc ≡ 1 − γ2. We
also discuss the phase transition at the critical point γ = 0 and h = 1. These results
are contrasted with two reduced density operator approaches, which will be discussed
in section 3.
The XY spin 1/2 model has been extensively studied with the aid of the C∗ algebra,
however the nonequilibrium quantum phase transitions have not been discussed so
far. We briefly explain the terminology of the C∗ algebra method in the Appendix
B. In [30, 29] the NESS of the model was rigorously constructed using the scattering
theory proposed by Ruelle [20]. Long range correlation [29] and non-negativity of
entropy production [21] have been discussed for this NESS. Those works are highly
mathematically oriented. In contrast, we provide a simpler and direct calculation,
and focus on the nonequilibrium phase transitions. We start with an infinite chain,
which is separated into the left semi-infinite part (L), the central finite part (S), and
the right semi-infinite part (R). The infinite chain is initially in the product states
ρtot = ρL ⊗ ρS ⊗ ρR where ρS is an arbitrary state and ρL,R is the density operator of
the canonical ensembles with temperature TL,R (ρ ∼ e−HL,R/TL,R). One can prove that a
unique NESS of the chain exists and that the diagonal modes with positive (negative)
velocities are distributed according to the canonical ensemble of the left (right) reservoir,
and satisfy the Wick’s theorem, which is explicitly expressed as Eqs. (5) and (6).
Let us first diagonalize the XY spin 1/2 model. With the aid of the Araki-Jordan-
Wigner transformation (see the Appendix B), the Hamiltonian is mapped to a chain
with fermions
H =
1
2
∑
m∈Z
Hm , (2)
Hm = (γfm+1fm + f
†
m+1fm + (h.c.))− 2hf †mfm,
where fm satisfies canonical anti-commutation relations:
{fl, fm} = 0, {f †l , fm} = δl,m ,
{A,B} ≡ AB +BA .
Next we apply the Fourier transformation
aˆk =
1√
2pi
∞∑
m=−∞
e−ikmfm
and rewrite the Hamiltonian in the momentum basis as
H =
∫ pi
0
(aˆ†k, aˆ−k)
(
cos k − h iγ sin k
−iγ sin k −(cos k − h)
)(
aˆk
aˆ†−k
)
dk . (3)
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The Hamiltonian (3) can easily be diagonalized
H =
∫ pi
0
dk (c†k, c−k)
(
k 0
0 −k
)(
ck
c†−k
)
, (4)
where eigenmode annihilation operators ck and the energy k are defined by
aˆk =
1√
2k
{√
k + cos k − hck − i
√
k − cos k + hc†−k
}
, (k > 0)
aˆ†−k =
1√
2k
{
−i
√
k − cos k + hck +
√
k + cos k − hc†−k
}
sgn(γ) , (k > 0)
k =
√
(cos k − h)2 + γ2 sin2 k .
The NESS of this model uniquely exists and is fully characterized by [30, 29]
〈c†kck′〉 = δ(k − k′) {θ(vk)fL(k) + θ(−vk)fR(k)} , k > 0 (5)
〈c−kc†−k′〉 = δ(k − k′) {θ(−vk)fL(−k) + θ(vk)fR(−k)} , k > 0 (6)
and the Wick’s theorem [20], where 〈·〉 represents a NESS average, fν() = (e/Tν + 1)−1
are Fermi distributions with temperatures Tν , θ(x) is a step function, and vk is a velocity
vk ≡ dkdk . To be more precise, modes with positive and negative velocity follow different
KMS conditions (See Eq. (27) of [31] for the XY chain. See also Eq. (54) in [30] for XX
chain, where a more explicit expression in terms of the Femi distribution is provided in
Eq. (65).).
Let us briefly discuss the intuitive idea behind equations (5) and (6), which is
implemented rigorously with the C∗ algebra approach. For that sake note that in
the diagonal form (4) the Hamiltonian can be interpreted as a sum of Hamiltonians
h1 =
∫ pi
0
dkkc
†
kck and h2 =
∫ pi
0
dkεke
†
kek of two noninteracting systems where εk = −k
and ek = c
†
−k. Consider a free system such as one described by h1. At t = 0 it is split
into three parts: a left semi-infinite chain, a central finite chain, and a right semi-infinite
chain. The left (right) semi-infinite chain is in a thermal state with temperature TL (TR).
At t = 0+ the three pieces are connected and the particles (or quantum waves described
by the diagonal modes) that where confined to the left can now propagate to the right
without any scattering and the same holds for the particles at the right. In that way,
every right going mode in the system (vk > 0) comes from the left and is populated
accordingly with frmL(k) and every left going mode in the systems (vk < 0) comes
from the right and is populated by fR(k). This is the content of the equation (5). The
equation (6) is the same but for the system described by h2, i.e., e
†
kek = c−kc
†
−k′ and the
energies and velocities replaced according to εk = −k.
Using (5), (6) and changing variables back to the fm, we compute the two point
correlation functions in the NESS
〈flfm〉 = 1
2pi
∑
ν=L,R
∫ pi
0
dk
γ sin k sin k(m− l)
k
{
1
2
− fν(k)
}
, (7)
〈f †l fm〉 =
δl,m
2
+
∑
ν=L,R
1
2pi
∫ pi
0
dk cos k(m− l)cos k − h
k
{
fν(k)− 1
2
}
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+
i
2pi
∫ pi
0
dk sin k(m− l) {θ (vk)− θ (−vk)} {fL(k)− fR(k)} .
From above equations (7), it is clear that the real parts of nonequilibrium correlations
〈flfm〉 and 〈f †l fm〉 are simply the averages of equilibrium correlations at the
temperatures of left and right reservoirs. On the other hand, the imaginary parts
of 〈flfm〉 are zero, whereas the imaginary parts of 〈f †l fm〉 are non-zero only in
nonequilibrium and hence possess purely nonequilibrium features of the steady state,
e.g. the information about the heat current.
Let us first discuss the magnetization, that is known to have a second order quantum
phase transition (for instance see proof of theorem 2.3. in [29])
〈σzm〉 = 2〈f †mfm〉 − 1 (8)
=
1
2pi
∑
ν=L,R
∫ pi
0
dk
∂k
∂h
tanh
k
2Tν
=
1
2pi
∑
ν=L,R
∫ pi
0
dk
h− cos k
k
tanh
k
2Tν
,
χ(TL, TR) =
1
2pi
∑
ν=L,R
∫ pi
0
dk
{
∂2k
∂h2
tanh
k
2Tν
+
1
2Tν
(
∂k
∂h
)2
sech2
k
2Tν
}
=
1
2pi
∑
ν=L,R
∫ pi
0
dk
{
γ2 sin2 k
3k
tanh
k
2Tν
+
1
2Tν
(h− cos k)2
2k
sech2
k
2Tν
}
,
where χ(TL, TR) ≡ d〈σzm〉dh is the susceptibility in NESS. We shall now show that this
transition persists also in the nonequilibrium setting where one of the reservoirs is
initiated at finite non-zero temperature.
From equation (8), one can see that the magnetization 〈σzm〉 does not depend on
the spatial variable m, and both the magnetization and susceptibility are simply the
average of those in equilibrium. Due to k|h=1 = γk+O(k2), the susceptibility diverges if
and only if at least one of the reservoirs has absolute zero temperature. The divergence
with respect to temperature Tν and the difference of magnetic field from one |1 − h|
is logarithmic. Therefore, at h = 1 we have a quantum phase transition and a NQPT
associated with the divergence of the susceptibility.
The mechanism of the NQPT associated to the logarithmic divergence of the
magnetic susceptibility is the same as in the equilibrium case since the NESS average of
the magnetization is a sum of terms coming from left and right reservoirs in equilibrium.
Since all real parts of the correlation matrix have this property, a genuine NQPT
should be discussed through Im〈f †l fm〉, which vanishes for equilibrium state (The
kernel is proportional to the difference of Fermi distributions calculated with the initial
temperatures of the left and right semi-infinite parts.). The first derivative of Im 〈f †l fm〉
reads
Im
∂
∂h
〈f †l fm〉 =
1
2pi
∫ pi
0
dk sin k(m− l) {θ (vk)− θ (−vk)} h− cos k
k
d
dk
{fL(k)− fR(k)} ,
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+ θ(hc − h)sin k0(m− l)
pihc sin k0
{fL(k)− fR(k)} , (9)
k0 ≡ arccos
(
h
hc
)
.
The presence of the step function θ(vk) in (9) produces a discontinuity at h = hc.
Physically it can be explained by a change of the direction (sign of velocity) of the
diagonal modes ck as a function of the magnetic field h. In the equilibrium case, diagonal
modes ck follow the same Fermi distribution independent of the direction (velocity) of
the modes. On the other hand, in NESS, diagonal modes ck with positive and negative
velocities follow different Fermi distributions. Therefore, changing the direction of the
modes alter their nature only in nonequilibrium and this is the origin of the NQPT at
h = hc, which is consequently a genuine nonequilibrium phenomenon.
Interestingly, there is also a discontinuity in the third derivative at h = 1. The
third derivative for h > hc reads
Im
∂3
∂h3
〈f †l fm〉 =
3
2pi
∫ pi
0
dk sin k(m− l)h− cos k
k
γ2 sin2 k
2k
d2
d2k
{fL(k)− fR(k)} (10)
+
1
2pi
∫ pi
0
dk sin k(m− l)
(
h− cos k
k
)3
d3
d3k
{fL(k)− fR(k)}
− 3
2pi
∫ pi
0
dk sin k(m− l)γ
2 sin2 k(h− cos k)
5k
d
dk
{fL(k)− fR(k)} .
From Eq. (10), one can evaluate the jump of the third derivative at h = 1:
lim
ε→+0
(
Im
∂3
∂h3
〈f †l fm〉
∣∣∣
h=1+ε
− Im ∂
3
∂h3
〈f †l fm〉
∣∣∣
h=1−ε
)
=
m− l
2piγ2
(T−1L − T−1R ). (11)
Since this transition is not related to the change of the direction of the modes, its origin
is different from the transition discussed for h = hc.
The behavior of derivatives (9) and (10) is depicted in figure 2. It is interesting that
the non-continuities of the derivatives are present also in case of nonzero temperatures
of the initial states of the reservoirs TL 6= TR > 0, while the transition of a real part
such as magnetization is possible iff at least one of the reservoirs is set to absolute
zero temperature. Thus, behavior of the imaginary part is quite different from the real
part, which is also the reason we believe Im 〈f †l fm〉 determine genuine nonequilibrium
properties. We recall that imaginary parts are related to currents of conserved quantities,
e.g. the energy current and the spin current (the latter is well-defined only in the
isotropic case). At γ = 0 and h = hc = 1 we find a square root divergence of magnetic
susceptibility with the temperature TL,R and the difference of magnetic field from one
|1 − h|, namely χ(γ = 0, h, TL/R = 0) ∝ |1 − h|−1/2, χ(γ = 0, h = 1, TL/R) ∝ T−1/2L/R . In
this case (γ = 0, h = 1), the finite temperature nonequilibrium transitions associated
to discontinuities in the derivatives of the imaginary parts of the correlation functions
disappear. Equilibrium and nonequilibrium phase diagram of the XY spin 1/2 model is
depicted in figure 1.
Finally, we discuss scaling of the quantum mutual information (QMI) in the NESS
of the C∗ algebra. The scaling of QMI has been recently discussed in the context of area
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Figure 2. Left : First derivative of the imaginary part of the NESS expectation value
〈f†1f2〉 with respect to the magnetic field. We observe a discontinuity at h = hc.
Right : Third derivative of the imaginary part of the NESS expectation value 〈f†1f2〉.
We observe a discontinuity at h = 1. As commented in the text these transitions are
purely non-equilibrium phenomena and they are present also for finite temperatures.
Parameters: TL = 0.01, TR = 1, γ = 0.5.
laws. In [32] it was shown that Gaussian thermal states obey the area law for QMI. On
the other hand, the steady states may violate the area law despite being Gaussian. In
fact QMI was used to characterize the NQPT at h = hc in the XY model with Redfield
reservoirs [8] (see section 3.2). In [8] it was shown that below the critical field (h = hc)
QMI obeys the area law, whereas above the critical field the QMI scales linearly with
the system size. We calculate the scaling of the QMI in the NESS by numerically
diagonalizing the two-point Majorana correlation matrix of the C∗ algebra. The Von
Neumann entropy of the block of size n can be expressed in terms of the eigenvalues λk
of the 2n× 2n two-point Majorana correlation matrix (defined in (14)) as [33]
S(n) = −
2n∑
k=1
1 + λk
2
log
1 + λk
2
. (12)
The quantum mutual information of the block of size 2n is then given by I(2n) =
2S(n)− S(2n). In figure 3 we show that the QMI scales logarithmically with the block
size n. Interestingly this scaling does not depend on the system parameters and therefore
does not capture the nonequilibrium phase transitions. A related analytical calculation
of the area law violation in the C∗ algebra NESS was recently reported in the free
fermion case [34], which is equivalent to the isotropic limit of the XY spin 1/2 chain.
3. NQPT in the XY spin 1/2 model: Master equation approach
In this section we compare obtained exact C∗ algebra results with two models of open
quantum systems, namely the Lindblad mesoreservoir and the modified Redfield master
equation. In both cases dynamics of the system is determined by a Liouville equation
d
dt
ρ = Lˆρ, Lˆρ = −i[H, ρ] + Dˆρ, (13)
where [·, ·] denotes the commutator. Although exact forms of the Hamiltonian H and
the dissipator Dˆ depend on details of the model, in the studied cases the Hamiltonian
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Figure 3. Scaling of the quantum mutual information with the system size n in the
NESS of the C∗ algebra. The solid lines represent different magnetic field strengths in
different regions, namely h = 0, 0.2, 0.9, 1.2 (from bright to dark). The blue dashed
lines are calculated for critical fields h = 1− γ2 = 0.75 (bright blue) and h = 1 (dark
blue). In all cases we observe a logarithmic divergence of the QMI with respect to
system size. Other parameters: TL = 0.1, TR = 1, γ = 0.5
is quadratic
H = w ·Hw =
2N∑
l,m=1
wlHl,mwm
and the Lindblad (coupling) operators are linear in terms of Majorana fermions:
w2m−1 = fm + f †m, w2m = i(fm − f †m) .
Therefore, as has been shown in [35, 36, 8, 37], NESS is a Gaussian state and is fully
characterized by the 2N × 2N Majorana correlation matrix
Cl,m(t) = tr(ρ(t)wlwm)− δl,m, (14)
of which time evolution is determined by
d
dt
C(t) = −2XTC(t)− 2C(t)X− 8iMi, X = − 2iH + 2Mr, (15)
where Mr and Mi denote real and imaginary parts of the reservoir matrix M, which
represents influence of the environment and depends on the details of the dissipator‡.
Time derivative of the correlation matrix is zero in NESS, hence the steady state
correlation matrix C is obtained as a solution of a Lyapunov equation
XTC + CX = 4iMi. (16)
The existence of NESS guarantees that the equation (16) has a solution, which can be
computed efficiently in O(N3) steps.
‡ The expression for the reservoir matrix M for the mesoreservoir case is given in Appendix A and for
the modified Redfield case along with the derivation in [8].
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3.1. Lindblad Mesoreservoir
Recently, a model to describe NESS of the systems including finite reservoirs’ degrees
of freedom was introduced [17, 38, 39]. The idea is not to trace out all degrees of
freedom of the reservoirs but rather keep some representative parts (mesoreservoirs),
which are physically interpreted as the contacts of the system with the reservoirs. The
time evolution of the total system (mesoreservoirs and the system of interest) is modeled
with the Lindblad master equation such that the mesoreservoirs are thermalized if the
couplings between the system and mesoreservoirs are zero. In [17, 40] it was shown that
in the limit of weak coupling and large mesoreservoir size the system is thermalized if
two mesoreservoirs with same thermodynamic variables are attached, while the particle
current follows the Landauer formula if two reservoirs with different thermodynamic
variables are attached. Therefore, one can argue that the mesoreservoir approach gives
a meaningful description of a thermal reservoir. In the previous work, particle conserved
Hamiltonian attached to a linear dispersion mesoreservoirs are discussed. Although the
linear dispersion mesoreservoir gives the same Liouvillian spectrum (see Appendix A),
their thermalization properties can be different.
To mimic the C∗ algebra setup discussed in the previous section, we treat parts of
a chain as mesoreservoirs. The total Hamiltonian consists of one dimensional XY spin
1/2 chain with a system size N = 2K + n:
H = HL +HXY +HR + VL + VR, (17)
HL = − 1
2
−1∑
m=−K+1
{
(1 + γ)σxmσ
x
m+1 + (1− γ)σymσym+1
}− h 0∑
m=−K+1
σzm,
HR = − 1
2
n+K−1∑
m=n+1
{
(1 + γ)σxmσ
x
m+1 + (1− γ)σymσym+1
}− h n+K∑
m=n+1
σzm,
VL = − 1
2
{(1 + γ)σx0σx1 + (1− γ)σy0σy1} ,
VR = − 1
2
{
(1 + γ)σxnσ
x
n+1 + (1− γ)σynσyn+1
}
,
where HXY is given in (1). We interpret parts of the system [−K+1, 0] and [n+1, n+K]
as mesoreservoirs, and the remaining part [1, n] as a central system. Mesoreservoir parts
(HL,R) are thermalized using the Lindblad dissipator
Dˆρ =
∑
k,ν,m
2Lk,ν,mρL
†
k,ν,m − {L†k,ν,mLk,ν,m, ρ} , (18)
Lk,ν,1 =
√
Γk,ν,1ηk,ν , Lk,ν,2 =
√
Γk,ν,2η
†
k,ν ,
Γk,ν,1 = Γ(1− fα(k)), Γk,ν,2 = Γfν(k), ν = L,R ,
where ηk,L and ηk,R are diagonal modes of HL and HR, respectively. The operators Lk,ν,1
and Lk,ν,2 can be interpreted as couplings between mesoreservoirs and the traced-out
degrees of freedom (super-reservoir).
In the subsection 3.1.1 we first study the equilibrium properties of the model. In
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particular, we will discuss the divergence of magnetic susceptibility
M(T, h) =
1
n
n∑
m=1
〈σzm〉, χ(T ) =
∂M(T, h)
∂h
,
at h = 1. Then, in the subsection 3.1.2, we turn to the nonequilibrium quantum phase
transitions obtained by the C∗ algebra.
3.1.1. Equilibrium properties of the mesoreservoir approach — In this subsection we
first study magnetization and the corresponding susceptibility in the equilibrium state
by the Lindblad mesoreservoir approach. We observe a highly fluctuating magnetization
profile for h < hc, and a flat magnetization profile except at the boundaries between
system and mesoreservoirs for h > hc. Typical magnetization profiles for different Γ are
shown in figure 4 (red dashed lines indicate the C∗ algebra results). The fluctuations
present for magnetic field h < hc are suppressed by decreasing dissipator strength Γ.
Moreover, the spin profiles approach the C∗ results (red) by decreasing Γ (see figure 4).
Because of the fluctuations with respect to a space variable m, we define magnetization
Figure 4. We show m dependence of the magnetization 〈σzm〉 with Γ =
0.01, 0.003, 10−5 (top to bottom), TL,R = 0.01, γ = 0.5, K = 400, n = 100,
and h = 0.3 (left) and 0.9 (right). Dashed red lines are obtained by the C∗ algebra.
and susceptibility using a space average of 〈σzm〉§. One can see in figure 5 left that the
magnetization is roughly reproduced. However, there are small fluctuations for h < hc.
This fluctuations are clearly observed in the susceptibility shown in figure 5 right. In
particular, one can see a big jump in susceptibility at the critical point h = hc. On the
other hand, for h > hc, the Lindblad approach agrees very well with the C
∗ algebra.
In figure 6 (a) we show the numerically calculated correlations 〈f †1fm〉 in
the mesoreservoir approach and compare them with the exact analytic C∗ results.
Near-diagonal correlations at low temperatures (TL,R = 0.01) calculated with the
mesoreservoir approach agree with the C∗ results. On the other hand, long-range
correlations saturate as a function of |l − m| (for finite Γ and K) to a plateau in the
mesoreservoir approach, while they decay exponentially fast in the C∗ algebra method.
§ To be precise, we do not include first and last five sites of left and right boundaries, respectively.
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Figure 5. Comparison between the C∗ algebra (dashed red line) and the mesoreservoir
approach for magnetic field dependence of the NESS magnetization (left) and
susceptibility (right) in equilibrium. Gray lines represent Γ = 10−5, 0.003, 0.01 from
dark to bright. Other parameters: K = 400, n = 100, TL,R = 0.01, γ = 0.5.
As expected, the agreement between the C∗ and mesoreservoir correlations is improved
for smaller coupling to the super-reservoir Γ and larger mesoreservoir size K (see figure 6
(b)). If the temperature is high enough (TL,R ≥ 0.1) the mesoreservoirs fail to thermalize
the central system, as can be seen from figure 6 (c),(d), where we show the Γ dependence
of Re(f †mfm+1) for low and high temperatures at different values of the magnetic field
h. The mesoreservoir results match with the C∗ algebra for low temperatures, but are
notably different for high temperatures. Fortunately in the regime where we want to
observe the QPT, the C∗ algebra and the Lindblad mesoreservoir approach agree well.
Nevertheless, the thermalization at h = 1 is very subtle since the susceptibility diverges
logarithmically. To discuss the divergence at h = 1 one should take a limit Γ → 0
and K → ∞, as can be seen from figure 7, where we show the mesoreservoir size K
dependence of the susceptibilities with several coupling strengths Γ at TL,R = 0. We
see that the divergence of susceptibility for TL,R = 0, h = 1 is reconstructed with the
Lindblad mesoreservoir approach in the limit of Γ → 0 and K → ∞. The divergence
is logarithmic with respect to K and TL,R. Imaginary parts of correlation matrix are
vanishing linearly with respect to Γ, while specific observables such as heat current
vanish for arbitrary Γ.
3.1.2. NESS properties of the mesoreservoir approach — In this subsection, we shall
discuss the NESS of mesoreservoir approach. We numerically observe that the real part
of the correlation matrix is an average of equilibrium correlation matrices. Following
the discussion of the previous subsection, the divergence of susceptibility is concluded in
the mesoreservoir approach. Because of this property, we focus on the imaginary part of
the correlation matrix, which represents a genuine nonequilibrium property. Let us first
discuss the two extreme cases (Γ  1 and Γ  1). For very small Γ the total system
(system + reservoirs) is decoupled from super reservoirs, and the system is expected to
follow an average of Fermi distributions (fL(k) + fR(k)) /2. Thus, Im 〈f †mfm+1〉 and
Im 〈f †mfm+2〉 approach to zero for Γ 1. On the other hand, taking large Γ enforces the
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Figure 6. a) Thermalization of the off-diagonal correlations 〈f†1fm〉. The red and
black symbols correspond to the C∗ and mesoreservoir results, respectively. The
comparison is done for h = 0.3 (circles), h = 0.75 (crosses) and h = 0.9 (dots). b)
Off-diagonal correlations for different coupling strengths, Γ = 10−3 (circles), Γ = 10−5
(points) and Γ = 10−7 (crosses), and h = 0.9 . In (a) and (b) we take TL,R = 0.01 and
K = 1600. In (c) and (d) we show coupling strength Γ dependence of the off-diagonal
correlations Re〈f†mfm+1〉 for different inverse temperatures TL,R = 1, 0.1, 0.01 (from
bright to dark) and h = 0.6 (c), h = 0.9 (d). We show the relative values with respect
to the appropriate C∗ algebra result (red dashed lines). In (c), (d) we use K = 400.
Other parameters: n = 100 and γ = 0.5 for (a)-(d).
mesoreservoirs to follow exactly the Fermi distributions, as a result, Im 〈f †mfm+1〉 and
Im 〈f †mfm+2〉 are very small for Γ  1 (having non-zero off-diagonal element is related
to the deviations of reservoirs’ particle occupations from the Fermi distributions [40]).
Therefore, one should carefully choose coupling Γ to deal with the imaginary parts of
nonequilibrium case, and in fact, Γ should be in the order of ∆E/K to describe coherent
transport in NESS, where ∆E is the width of the mesoreservoirs’ energy band. In figure 8
(a) and (b) show comparisons between the NESS correlations of the C∗ algebra and the
mesoreservoir at different magnetic fields (a) and different dissipation strengths Γ. We
observe that the correlations of the C∗ algebra and the mesoreservoir in NESS quickly
differ with the distance from the diagonal elements. Despite the excellent agreement
for nearly diagonal elements, we were unable to obtain the jumps in derivatives of the
correlation function. Moreover, we have to choose the right ratio between the coupling
strength Γ and the mesoreservoir size K as can be seen from figure 8 (c) and (d),
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Figure 7. Mesoreservoir system size K dependence of the susceptibility with h =
1, TL,R = 0. Other parameters: Γ = 10
−5, 10−4, 10−3, 0.01, 0.1 (from top to
bottom), γ = 0.5, n = 100.
where we show the off-diagonal correlations for different coupling strengths and a fixed
mesoreservoir size K = 1600. Since the ratio between Γ and K is important for the
nonequilibrium correlations, one sees the strong K dependence on the correlations,
contrasting the fact that real parts of the correlations do not drastically depend on
the mesoreservoir size K. For instance, real parts shown in figure 6 are quite robust
by changing K (thus, we show only K = 400), on the other hand, figure 8 clearly
shows that imaginary parts strongly depend on K. Moreover, as discussed in [40], the
Γ dependence of Im 〈f †mfm+1〉 shows a plateau for Γ1c(K) < Γ < Γ2c(K), where Γ1c(K) is
a monotonic decreasing function of K.
In conclusion, similar to the boundary driven Lindblad model we observe also in
the mesoreservoir approach signatures of the NQPT at h = hc, namely a change in the
sensitivity of local observables to the system parameters. Below the critical field h = hc
we see large fluctuations, whereas above the critical field there are no fluctuations as we
vary the model parameters (see figure 4 and figure 5). However, this fluctuations are
suppressed as Γ goes to zero. On the other hand, we were unable to observe the scaling
of the QMI and the far-from-diagonal correlations due to limitation of the resources,
since we should take the limit of large mesoreservoir size and small coupling to the super-
reservoir. Nevertheless, the behavior of the off-diagonal correlations shown in figure 8
suggests that the mesoreservoir approach in the limit Γ → 0 and K → ∞ resembles
the behavior of the C∗ algebra, i.e. power law decay of the NESS correlations and
the logarithmic divergence of the QMI in all regimes. We also recover the C∗ algebra
divergence of the magnetic susceptibility at zero temperature and h = 1 in equilibrium
and nonequilibrium situations. Other genuine nonequilibrium transitions observed with
the C∗ algebra could not be recovered in the mesoreservoir approach.
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Figure 8. Comparison of the correlations in the NESS of the C∗ algebra and the
mesoreservoir approach. a) Absolute value of the correlations 〈f†1fm〉 calculated at
h = 0.3 (circles), h = 0.75 (crosses), h = 0.9 dots. The red and black symbols
correspond to the C∗ algebra and the mesoreservoir, respectively. b) Off-diagonal
correlations for different coupling strengths, Γ = 10−3 (circles), Γ = 10−5 (points)
and Γ = 10−7 (crosses). In (b) we show the correlations for magnetic field strength
h = 0.9 . In (a) and (b) we take TL,R = 0.01 and K = 1600. In (c) and (d) we show
coupling strength Γ dependence of the off-diagonal correlations Re〈f†mfm+1〉 (c) and
Re〈f†mfm+2〉 (d) for different mesoreservoir sizes K = 100, 200, 400, 800, 1600 (from
bright to dark) and h = 0.3 (black), h = 0.9 (blue), and h = 1.5 (green). We show
the relative value with respect to the appropriate C∗ algebra result (red dashed line).
Other parameters: TR = 1, n = 100, and γ = 0.5.
3.2. Modified Redfield master equation
The modified Redfield master equation was studied in [8] as a model of thermal
reservoirs. The main difference to the Lindblad reservoirs is the non-local property of
the Redfield dissipator which, when extending the integrals in the correlation function
from minus infinity to infinity, ensures that the Gibbs state is the steady state if all
reservoirs have the same temperature. After using this additional assumption, the
Redfield dissipator takes the form
Dˆρ =
∑
µ,ν
∫ ∞
−∞
dτΓTν,µ(τ)[X˜µ(−τ)ρ,Xν ] + h.c., (19)
where ΓTµ,ν is the reservoir correlation function, Xν are the coupling operators, and the
tilde •˜ denotes the interaction picture. The reservoir correlation function ΓTµ,ν satisfies
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the KMS condition
ΓTµ,ν(−t− i/T ) = ΓTν,µ(t). (20)
We follow [8] and couple the XY spin 1/2 chain to two boundary thermal reservoirs with
the coupling operators
X1 = (σ
x
1 cosϕ1 + σ
y
1 sinϕ1), X3 = (σ
x
N cosϕ3 + σ
y
N sinϕ3),
X2 = (σ
x
1 cosϕ2 + σ
y
1 sinϕ2), X4 = (σ
x
N cosϕ4 + σ
y
N sinϕ4). (21)
The left and right reservoirs are uncorrelated ΓTµ,ν = δµ,νΓ
T
µ and have Ohmic reservoir
spectral functions
Γ˜Tµµ,ν(ω) = δµ,ν
ωΓν
exp(ω/Tµ)− 1 , T1,2 = TL, T3,4 = TR, (22)
where Γ˜
Tµ
µ,ν(ω) is a Fourier transform of the correlation function Γ
Tµ
µ,ν(t). This choice of
correlation functions and coupling operators represents standard reservoirs of harmonic
oscillators at two ends with possibly different temperatures. Notice, that due to the
extension of lower integral bound to minus infinity in the dissipator (19) the frequency
cutoff in the spectral functions is irrelevant. In this paper we use the following
parameters: ϕi =
ipi
10
, Γi = 0.01 for i = 1, 2, 3, 4.
In case of equal temperatures and large system sizes‖ (N → ∞), we necessarily
recover the results of the C∗ algebra approach for all values of the anisotropy γ and
magnetic field h (see figure 9 left). However, in the nonequilibrium setting, where one
temperature remains constant and the other goes to zero, the magnetic susceptibility
remains finite even for large spin chains and h = 1 (see figure 9 right). We also compare
the C∗ algebra and Redfield NESS expectation values of the magnetization for different
values of the magnetic field, and observe disagreement around h = 1 (see figure 10
left). In figure 10 right we show numerically computed susceptibility. We observe
large fluctuations below the critical magnetic field h = hc. This large fluctuations
are in agreement with previously observed fluctuations of local observables and the
characterization of the long-range magnetic correlation phase with hypersensitivity of
local observables on model parameters [8, 37]. For a detailed discussion of the NQPT
at h = hc in the XY spin 1/2 chain using the master equation approach, see [7, 8, 37].
Here we also compare the nonequilibrium susceptibility at h = 1, which in contrast to
the C∗ result remains finite even if one temperature of the reservoirs goes to zero (see
figure 10 right and figure 9 right). Further we note that the discontinuities of the first
and the third derivative of Im 〈f †l fm〉 at h = hc and h = 1 were not reproduced using
the Redfield mesoreservoir approach. Moreover, we find thatthe imaginary part of the
correlation matrix strongly depend on the dissipation strength Γ.
‖ We do not use the mesoreservoir in this section, i.e., K = 0, therefore we have N is equal to n.
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Figure 9. Susceptibility of the NESS versus temperature for different system sizes
N = 10, 20, 40, 80, 160 (from bright to dark). Left : equilibrium susceptibility
(TL,R = T ), the dashed line corresponds to the C
∗ algebra. Right : Nonequilibrium
susceptibility with TR = 0.1 and TL = T . The red dashed line denotes the C
∗ algebra
result in nonequilibrium. Other parameters: γ = 0.5, h = 1.
Figure 10. Comparison of the magnetization (left) and the susceptibility (right)
between the Redfield approach and the C∗ algebra. The Redfield and the C∗ algebra
results disagree if the difference of temperatures is large. The dashed line corresponds
to the C∗ algebra, and the grey lines from bright to dark correspond to Redfield
calculations for different systems sizes N = 10, 20, 40, 80. Other parameters:
TL = 0.01, TR = 1, γ = 0.5.
4. Conclusions and Discussion
We studied nonequilibrium quantum phase transitions in the XY spin 1/2 chain
analytically using the C∗ algebra method. First, we showed that the QPT at h = 1 is
present also in nonequilibrium if one temperature of the reservoirs remains at absolute
zero. In other words, QPT persists even with strong thermal noise coming from one
of the reservoirs if the other reservoir is at absolute zero temperature. At the critical
point γ = 0 and h = 1 the logarithmic divergence of susceptibility becomes algebraic.
Second, we discovered two new transitions which do not exist in equilibrium state. To
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be concrete, we found discontinuities of the first derivative (at h = hc, γ 6= 0) and the
third derivative (at h = 1, γ 6= 0) of the imaginary part of the correlation matrix. The
former transition appear because a part of normal modes changes its sign of velocity
when the magnetic field is smaller than hc, and thus those modes change the information
of the reservoirs they carry. On the other hand, the physical interpretation of the later
transition is still unclear. Moreover, at the critical point γ = 0 and h = 1 the jumps in
the derivatives disappear.
We use these transitions to test the utility of two time generators commonly used
in theories of the reduced density operator, namely Lindblad and Redfield master
equations.
• Comparison with the Lindblad mesoreservoir approach — We show that the
Lindblad mesoreservoir quantitatively reproduces the QPT in equilibrium.
However, we observed that off-diagonal elements which have small expectation
values disagree even in equilibrium case. For nonequilibrium state, we numerically
observe that the real part of correlation is an average of equilibrium values, which
agrees with the C∗ algebra, and does not agree with the modified Redfield equation.
For the correlation matrix, we found that the Lindblad mesoreservoir and the C∗
algebra agree only for correlations near diagonal elements, and are more accurate for
small magnetic fields and low temperatures. Despite the good agreement for nearly-
diagonal elements, we were not able to recover nonequilibrium phase transitions
except the divergence of the susceptibility at h = 1, which seems to be induced
by the same mechanism as in equilibrium case. This may be the effect of finite
mesoreservoir size K and coupling strength to environment Γ.
• Comparison with the modified Redfield master equation — The modified Redfield
equation by construction exactly describes equilibrium states, which is described by
the C∗ algebra in the thermodynamic limit. Nevertheless, it does not reproduce any
nonequilibrium phase transitions observed by the C∗ algebra. Moreover, we find
that the imaginary part of the correlation matrix strongly depend on the dissipation
strength Γ.
For the reduced density operator methods (Redfield and Lindblad), the
hypersensitivities to the model parameters below hc are reported. In the mesoreservoir
case the fluctuations are suppressed if small dissipator strength Γ and large mesoreservoir
size K are taken. Thus, a drastic change of system’s properties at h = hc is a common
feature of the C∗ algebra and the reduced density operator methods, but they are quite
different. In the previous works, the transition obtained by reduced density operator
was characterized by the appearance of the correlation resonances [37, 41] and different
scaling of the QMI in the long and short range correlation regimes. On the contrary,
it was shown with the C∗ algebra that the scaling of the correlation elements with the
distance from the diagonal remains unchanged as we cross the critical magnetic field
hc, i.e., exponential decay of correlations in the equilibrium and power law decay of
correlations in the nonequilibrium case. We also numerically showed that the QMI
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scales logarithmically with the system size n in all regimes. Therefore, we conclude that
the transition obtained by the reduced density operator [7, 8] is a consequence of the
approach itself.
Since none of the discussed reduced density operator approaches can describe
all transitions obtained by the exact calculations (C∗ algebra), the question ”Can
any reduced density operator methods thermalize the XY spin 1/2 chain in the
complete range of parameters, and at the same time reproduce the nonequilibrium phase
transitions obtained by the C∗ algebra?” remains open. Further another interesting
question arises, namely ”What kind of nonequilibrium quantum phase transitions
we obtain by using different approaches?”. In other words, to what extend the
nonequilibrium quantum phase transitions and the nonequilibrium properties of systems
in general depend on the reservoirs (models of open system evolution).
Acknowledgments
Authors are grateful to Tomazˇ Prosen and Shuichi Tasaki for valuable discussion. BZˇ
acknowledges the FONDECYT grant 3130495. SA acknowledges the FONDECYT grant
3120254. FB acknowledges the FONDECYT grant 1110144 and ANR-Conicyt 38 grant.
References
[1] C. N. Yang, T. D. Lee, Physical Review 87, 404 (1952).
[2] S. Schadev, Quantum phase transition (Cambridge University Press, 1999).
[3] M. R. Evans, Brazilian Journal of Physics 30, 42 (2000).
[4] L. D. Landau, E. M. Lifshitz, Statistical physics I. (Pergamon press, New York, 1980).
[5] B. Schmittmann, R. K. P. Zia, Phase Transitions and Critical Phenomena 17, 3 (1995).
[6] R. A. Blythe, M. R. Evans, Physical Review Letters 89 (2002).
[7] I. Pizˇorn, T. Prosen, Physical Review B 79 (2009).
[8] T. Prosen, B. Zˇunkovicˇ, New Journal of Physics 12 (2010).
[9] V. Gorini, A. Kosakowski, E. C. G. Sudarshan, J. Math. Phys. 17 (1976).
[10] G. Lindblad, Comm. Math. Phys. 48, 119 (1976).
[11] C. W. Gardiner, P. Zoller, Quantum noise (Springer, Berlin, 2004).
[12] M. Zˇnidaricˇ, Phys. Rev. Lett. 106 (2011).
[13] J. Wu, M.Berciu, Phys. Rev. B 83 (2011).
[14] T. Prosen, Physical Review Letters 106 (2011).
[15] D. Kosov, T. Prosen, B. Zˇunkovicˇ, J. Phys.: Condens. Matter 25 (2013).
[16] C.-E. Bardyn, et al., arXiv preprint arXiv:1302.5135 (2013).
[17] S. Ajisaka, F. Barra, C. Mej´ıa-Monasterio, T. Prosen, Phys. Rev. B 86, 125111 (2012).
[18] I. E. Segal, The Annals of Mathematics Second ser. 48, No. 4, 930 (1947).
[19] D. Ruelle, Statistical Mechanics: Rigorous Results (Benjamin, reading, 1969).
[20] D. Ruelle, J. Stat. Phys. 98, 57 (2000).
[21] D. Ruelle, Comm. Math. Phys. 224, 3 (2001).
[22] S. Tasaki, S. Ajisaka, F. Barra, Bussei Kenkyu 97, No. 3, 483 (2011).
[23] S. Ajisaka, H. Nishimura, S. Tasaki, I. Terasaki, Prog. Theo. Phys. 121, 1289 (2009).
[24] S. Ajisaka, S. Tasaki, I. Terasaki, Phys. Rev. B 83, 212301 (2011).
[25] E. Lieb, T. Schultz, D. Mattis, Ann. Phys. 16, 407 (1961).
[26] E. Barouch, B. McCoy, Physical Review A 3, 786 (1971).
Nonequilibrium Quantum Phase Transitions in the XY Model 21
[27] M. Zhong, P. Tong, J. Phys. A: Math. Theor. 43, 505302 (2010).
[28] L. Banchi, P. Giorda, P. Zanardi, arXiv preprint arXiv:1305.4527 (2013).
[29] W. H. Aschbacher, C.-A. Pillet, J. Stat. Phys. 112, 1153 (2003).
[30] T. Ho, H. Araki, Proc. Steklov math. Institute 228, 191 (2000).
[31] W. H. Aschbacher, Algebraic approach to open quantum systems (2007). Habilitation thesis.
[32] H. Bernigau, M. J. Kastoryano, J. Eisert, arXiv:1301.5646v1 (2013).
[33] G. Vidal, J. I. Latorre, E. Rico, A. Kitaev, Physical Review Letters 90 (2003).
[34] V. Eisler, Z. Zimboras, arXiv:1311.3327 (2013).
[35] T. Prosen, New J. Phys. 10, 043026 (2008).
[36] D. Kosov, J. Chem. Phys. 131, 171102 (2009).
[37] B. Zˇunkovicˇ, T. Prosen, J. Stat. Mech. 2010, P08016 (2010).
[38] A. A. Dzhioev, D. Kosov, The Journal of Chamical Physics 134, 044121 (2011).
[39] A. A. Dzhioev, D. Kosov, J. Chem. Phys. 135 (2011).
[40] S. Ajisaka, F. Barra, Phys. Rev. B 87, 195114 (2013).
[41] M. Zˇnidaricˇ, B. Zˇunkovicˇ, T. Prosen, Physical Review E 84 (2011).
[42] L. Accardi, S. Tasaki, eds., Fundamental Aspects of Quantum Physics (World Scientific, 2001).
Appendix A. Reservoir Matrix in the Mesoreservoir Case
In this appendix, we give the form of the time evolution of the correlation matrix for
the Lindblad case. Then, we derive the time evolution equation in the case of XY 1/2
chain with mesoreservoirs. The Liouvillian of our interest has the following form,
Lρ = − i[H, ρ] +
∑
µ
(2LµρL
†
µ − L†µLµρ− ρL†µLµ)
H = (w1, · · · , w2n)H(w1, · · · , w2n)T
Lµ =
∑
j
lµ,jwj ,
where wj is the Majorana operator satisfying {wj, wk} = 2δj,k, and H is an anti-
symmetric matrix. Following [35], we attach a Hilbert space structure on a linear 22n
space of operators acting on a conventional Hilbert space, where the inner product of
the Hilbert space is defined by the Hilbert-Schmidt norm, i.e.,
〈x|y〉 = 4−ntr x†y ,
Next, linear maps cˆ and cˆ† over the Hilbert space are defined by
cˆj|wα11 wα22 · · ·wα2n2n 〉 = δαj ,1|wjwα11 wα22 · · ·wα2n2n 〉 ,
cˆ†j|wα11 wα22 · · ·wα2n2n 〉 = δαj ,0|wjwα11 wα22 · · ·wα2n2n 〉 .
Prosen showed that the number
∑
k αk is conserved for the time generation of the given
Liouvillian [35], and the unitary time evolution and dissipator for a space spanned by
the basis |w1 · · ·w2n〉 with even
∑
k αk are given by
−i|[H, ρ]〉 = − i4Hj,kcˆ†j cˆk|ρ〉 ,
|Dˆρ〉 =
∑
µ
|2LµρL†µ − L†µLµρ− ρL†µLµ〉
=
∑
j,k
(
4Mj,kc
†
jc
†
k − 2(Mj,k +Mj,k)c†jck
)
|ρ〉 ,
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Mj,k ≡
∑
µ
lµ,jl
∗
µ,k =
∑
µ
~lµ~l
†
µ .
Hereafter, we shall focus on the dynamics of the space with even
∑
k αk so that the
Liouvillian has the following form
Lˆ = cˆ† · (−4iH− 4Mr)cˆ+ 4icˆ† ·Micˆ†
≡ − 2cˆ† ·XTcˆ+ 4icˆ† ·Micˆ† ,
where cˆ, cˆ†,Mr and Mi are defined by
cˆ =
 cˆ1...
cˆ2n
 , cˆ† =
 cˆ
†
1
...
cˆ†2n

Mr ≡ Re M, Mi ≡ Im M .
Using the above form, the time evolution of the correlation matrix C˜j,k ≡ 〈wjwk〉 =
tr (wjwkρ) can be discussed. Thanks to 〈1|cˆj = 0, the correlation matrix reads
C˜j,k = 〈1|wjwkρ〉
= 〈1|(cˆj + cˆ†j)(cˆk + cˆ†k)|ρ〉
= 〈1|cˆj cˆk + δj,k|ρ〉.
Thus, the time evolution of the anti-symmetric part of the correlation matrix Cj,k ≡
C˜j,k − δj,k follows
d
dt
Cj,k = 〈1|cˆj cˆkL|ρ〉
=
∑
m
−2 {Xm,jCm,k +Xm,kCj,m} − 8i(Mi)j,k .
It gives the matrix form (15) presented in section 3:
d
dt
C(t) = −2XTC(t)− 2C(t)X− 8iMi . (A.1)
Therefore NESS averages of correlation functions are given by the Lyapunov equation:
XTC + CX = 4iMi .
Let us write down matrices H and M in terms of Majorana operators. First, matrix
H is given by
H =
1
4
A⊗ σy + i
4
B⊗ σx,
where matrices A and B are defined by
Ai,j =
1
2
(δi,j+1 + δi,j−1)− hδi,j, Bi,j = γ
2
(δi,j+1 − δi,j−1)
Next, we give the matrix M. Let ηk,ν be a diagonal mode of the mesoreservoir parts
(ν =L, R)
ηk,ν =
1
2
K∑
i=1
(φνk,iw2i−1 − iψνk,iw2i) . (A.2)
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Then, the matrix M reads
M =
 ML 0K×n 0K×K0n×K 0n×n 0n×K
0K×K 0K×n MR
 , (A.3)
where matrix Mν is defined as follows
Mν =
1
4
∑
k
Γk,ν,1

φνk,1
−iψνk,1
...
φνk,n
−iψνk,n
 (φνk,1, iψνk,1, · · · , φνk,n, iψνk,n)
+
1
4
∑
k
Γk,ν,2

φνk,1
iψνk,1
...
φνk,n
iψνk,n
 (φνk,1,−iψνk,1, · · · , φνk,n,−iψνk,n)
=
γ
4
I +
i
4

Gν1,1 G
ν
1,2 · · · Gν1,n
Gν2,1 · · · Gν2,n
...
...
Gνn,1 · · · Gν1,n
 , ν = L, R
where gν() = {2fν()− 1} = 1−e/Tν1+e/Tν and
Gνi,j =
∑
k
gν(k)
(
0 −φνk,iψνk,j
ψνk,iφ
ν
k,j 0
)
.
Appendix B. Setup of the C∗ Algebra Approach and the
Araki-Jordan-Wigner Transformation
Following [30, 29], we summarize the setup of the C∗ algebra approach and the Araki-
Jordan-Wigner transformation.
An algebra A is called a C∗ algebra if it is together with an involution *:A → A
and finite norm ‖ · ‖, and satisfies the following properties
• (A∗)∗ = A, (AB)∗ = B∗A∗, ∀A,B ∈ A
• (αA + βB)∗ = α¯A∗ + β¯B∗, ∀A,B ∈ A, ∀α, β ∈ C , where α¯ denotes the complex
conjugate of α.
• A is complete with respect to a norm ‖ · ‖ <∞.
• (i) ‖AB‖ ≤ ‖A‖ ‖B‖, ∀A,B ∈ A
(ii) ‖A∗‖ = ‖A‖, ∀A ∈ A
(iii) ‖A∗A‖ = ‖A‖2, ∀A ∈ A (C∗ property)
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The norm-completion of the algebra generated by the Pauli spin matrices forms the
C∗ algebra AS, and the infinite extension of the Hamiltonian (1) defines a C∗ dynamical
system whose dynamics is given by a group of strong continuous *-isomorphism which
is formally given by τ t(A) = eitHAe−itH . In this approach states of the system ω(·)
are represented by positive functionals over the C∗ algebra, and the Hilbert space is
introduced as a representation of (AS, ω). Physically speaking, a C∗ algebraA represents
a set of observables with finite expectation values, a group of strong continuous *-
isomorphism τ t gives a time evolution over the C∗ algebra, and a state ω gives a
correspondence between observables and expectation values |ω(A)| <∞, A ∈ A.
The equilibrium states with a given τt and at temperatures T are defined as the
states σ(·) satisfying the KMS condition:
σ(Aτi/T (B)) = σ(BA) .
As we explained in the main part, a system is initially decomposed into three parts (left
semi-infinite, finite system, and right semi-infinite parts). Then, the initial condition is
given by
ωTL,TR0 = ω
TL
L ⊗ ωn ⊗ ωTRR ,
where ωTνν are the KMS states at temperatures Tν (ν=L,R) of left and right distinct
part respectively. The existence of the unique NESS associated to this initial condition
lim
t→∞
ωTL,TR0 (τ
t(A)) = ωTL,TR+ (A) ,
was proved in [29]. Moreover, Tasaki et. al. proved that the NESS is independent of
the initial partitions, and is stable against local perturbation [42]. The NESS average
we study in the main part is a NESS with respect to ω+.
Next, let us review the Araki Jordan Wigner transformation of the spin chain. Let
ACAR be the C∗ algebra generated by fn , f ∗n, and 1 which satisfy
fn, fm = f
∗
n, f
∗
m = 0 ,
fn, f
∗
m = δn,m1 .
Let ACAREX be the C∗ algebra generated by ACAR and an element T satisfying
T = T ∗, T 2 = 1 ,
TxT = θ−(x) ,
where θ− is an automorphism of ACAR which satisfies
θ−(f#n ) =
{
f#n (n ≥ 1)
−f#n (n < 1)
, f#n = fn, f
∗
n .
Then, AS is the subalgebra of ACAREX :
σ(n)z = 2f
∗
nfn − 1 ,
σ(n)x = TS
(n)(fn + f
∗
n) ,
σ(n)y = iTS
(n)(fn − f ∗n) ,
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where
S(n) =

σz1 · · ·σzn−1 (n > 1)
1 (n = 1)
σz0 · · ·σzn (n < 1)
.
It gives a fermionic Hamiltonian (2) in the main part. In the main part, we denote † for
the involution ∗ to give a physical presentation. The Hermitian conjugate of operators
acting on Hilbert space satisfies the definition of the involution.
